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Analysis of a Flat Annular Crack under Shear Loading
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An annular crack in an infinite isotropic elastic solid under shear loading is analyzed.
General solution to the Navier’s equilibrium equation is expressed in terms of three harmonic

functions. Employing the Hankel transform the harmonic functions are represented by the

solution of a pair of triple integral equations. The triple integral equations are reduced to a pair
of mixed Volterra-Fredholm integral equations, which are numerically solved. The stress

intensity factors of the annular crack under various shear loadings such as uniform radial shear,

linearly varying radial shear, uniform shear and linearly varying shear are calculated as the

Poisson’s ratio y and q/4 (g; inner radius, p; outer radius) vary.
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1. Introduction

Studies on three-dimensional crack have been
widely performed since the work by Sned-
don(1946) for a penny-shaped crack. The results
of the analysis of three-dimensional crack by
many researchers are well documented recently in
Panasyuk et al.(1981). Especially the problem of
the annular crack has been an interesting subject
due to its potential application to a frequently
encountered banana-shaped crack (Moss and
Kobayashi, 1971) or a three-dimensional crack
blocked inside by a circular-shaped second phase
particle without which the crack would have been
penny-shaped. Smetanin(1968) used an asym-
ptotic method to solve the problem of a flat
annular crack subjected to uniaxial tension. Sub-
sequently the analysis of the annular crack has
been carried out by Moss and Kobayashi(1971),
Choi and Shield(1982), Selvadurai and Singh
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(1985) and Danyluk and Singh(1986).

These works, however, are concerned with the
annular crack under uniform pressure or torsion
because of simpler mathematics involved: For the
annular crack under uniform pressure or torsion,
it is necessary to determine mathematically a
single harmonic function. On the other hand, for
the annular crack subjected to remote uniform
shear (which is typical in application sense), the
problem has not been solved yet since this requir-
es a determination of two harmonic functions,
making the task quite complicated.

It is the purpose of this study to investigate the
problem of the annular crack in an infinite
isotropic elastic solid under shear loading. Thus
the crack front is in general under combined
mode II and mode III loading. General solution
to the Navier’s equilibrium equation is expressed
in terms of three harmonic functions. Employing
the Hankel transform the harmonic functions are
represented by a pair of triple integral equations.
In cotrast to the previous works mentioned above,
where a single harmonic function is determined,
we here have to determine essentially two har-
monic functions. Guided by a method for solving
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a triple integral equation proposed by Co-
oke(1963), we reduce a pair of the triple integral
equations to a pair of mixed Volterra-Fredholm
intergral equations, which are numerically solved
by using the Simpson quadrature rule. The stress
intensity factors of the annular crack under var-
ious shear loadings such as uniform radial shear,
linearly varying radial shear, uniform shear and
linearly varying shear are calculated as the Pois-
son’s ratio y and /b (a; inner radius, p; outer
radius) vary.

2. Formulation of the Problem

Suppose an annular crack is embedded in an
infinite elastic solid, as shown in Fig. 1. The
annular crack with the inner radius ¢ and outer
radius p lies in the plane z=0. Equal and
opposite shear tractions are applied on the crack
surface. The displacements g satisfy the Navier’s
equation of equilibrium:
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where p is the Possion’s ratio and ¢ denotes the
dilatation. Introducing cylindrical coordinates
(», 4, z), a general solution of (1) is expressed in
terms of three harmonic functions as

ﬁé oy 1 ¥
Z&r 8r+

zﬂur > aes

Fig. 1 An annular crack with inner radius a and
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where 4 is the shear modulus and ¢, y and ¥ are
harmonic functions (See Appendix A). The corre-
sponding stress components are given by
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Arbitray loads applied to the crack surface can
be expressed as a sum of symmetric and skew-
symmetric parts. In this study, it is analyzed only
the case in which the crack is sujected to a skew-
symmetric loading. Due to the symmetry of the
problem about the plane z=0, it is required that
ur and y, be odd functions fo z, while g, is even
in z. Therefore, we can restrict our attention to
the analysis of a single half-space region (z>() of
the infinite space. The boundary conditions on
the crack surface and along the plane of symmetry
to be satisfied are:

o:(r, 8,0 =0, r=0,0<6<2nr,

Tzr(?’e g, O)ZC]c(Vq 6),
a<r<b, 0<6<2nm,
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rze (7, 0, 0) =gqs(r, 8),
a<r<b; 0<8<2n,
ur{r, 8, 0) =us(r, 8, 0) =0,
0<r<a r>b0<02x, 4

where g.(», §) and g4(», @) are the given func-
tions. In addition, the displacements and stresses
approach zero as /»?+ 2% — co. The specified
functions g », §) and ¢s(», §) are expanded into
cosine and sine Fourier series, respectively:

qclr, 6)=:§Oan(r) cos nd,
gs{r, 0)=§Obn(r) sin #n4. (5)

For simplicity of presentation, we assume here
that g.(7, #) and g.(», §) are even and odd
functions of @, however, this method can be easily
modified to account for arbitrary g, #) and ¢;
(r, 0).

In the region z =), the appropriate forms of the
three harmonic functions ¢, ¥ and y are
obtained from the Fourier-Hankel relations as
(Kassir and Sih, 1975)

o, 8, z)zgocos n&lmfA*"Sg-s—)"
exp(—sz) [ (7s) ds,
U(r, 6, z)==§lsin nﬁﬁm%—)*

exp(—sz) [ (rs)ds,
xz(rs 8, z)zgocos né Ow._VCn__(i)f
eXp(—SZ)]n(rs) ds, (6)

where /, denotes the Bessel function of order »
and A4,, B, and (C, are to be determined so as to
satisfy the boundary conditions. In passing, it is
worth mentioning that when the evenness and
oddness in g for the shear loads in (5) are inter-
changed, the cos x# and sin #@ in (6) are also
interachanged.

Since g, vanishes on z= 0 (boundary condi-
tion (4)),

2(1—V)An(3)+SCn(S) =(), (7)

and the other boundary conditions (4) lead to a
pair of simultaneous triple integral equations:

A‘ws[ = Dnls) +E”(S)J]n-l(7’8)d3

1—v
:é[{ln(}’) —ba(r)], a<<r<b,
L[5, 000 + Bao) a9

:%ﬂ[an(}’) '+bn(7/)]~ a<r<b, (8a)

[T Du(9) + En() ns(rs) ds =0,
0<r<a r>b,

[T1Du() + En(9) s ) ds =0,
0<r<a, r>b, (8b)

where

Dy (s) = ~i.i#»An (s),
Enls) :—%Bm, (8¢)

and =0, 1, 2, 3,---. In obtaining (8a) and
(8b), the recurrence relations of the Bessel func-
tion

'&%;]n(?‘s) :S]n—l(rs) —'_?;lf]n(f’s)v
Ja(rs) :—2"’;}[/"‘,<rs> ()], (9)

and (7) have been used. For the case of the
Poisson’s ratio p={(), it can be shown that (8a)
and (8b) are reduced to two decoupled triple
integral equations, as discussed by Cooke(1963).
Also, it can be verified that for »=( (radial
shear), (8a) and (8b) are reduced to a triple
integral equation.

3. Solution of Simultaneous Triple
Integral Equations

Adopting a method which is in fact an exten-
sion of the technique proposed by Cooke(1963), it
can be shown that a pair of the simultaneous
triple integral Eqgs. (8a) and (8b) can be reduced
to a pair of the mixed Volterra-Fredholm integral
equations. The solution procedure is lengthy and
tedious, which is briefly described as follows.
Details required for the solution are presented in
Appendix B. Let
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I
filr), 0<r<aq,

=1 f2(r), a<r<b,
(), r>b,

[cs[lw

a (), 0<r<aq,
=1 &(r), a<r<b,
&{(r), r>b, (10)

2 (s) +En(s)}]nf1(rs)a’s

(s) +Eq(s) :']n+l(7’3) ds

where £ (»), fs(»), ¢(») and g3(») are to be
determined while £,(») and g(») are given by

F(r)=1/2[a,(») —bs ()] and g ( *1/2[an
() +b,(#)], respectively, n~1,2,3, . Em-
ploying the Hankel inversion theorem, we obtain
from (10)

Dnls) =2
+ 2D Jnn(As) ]dA
Ents) =5 23 [ AR Tas )
2 (D) Jana(As) )l an

where A;=0, A;=a, A3=5, Ay=cc. Substituting
(11) into (8b), it is found that

2[ [(2= 1) (A Lueina (52 A)

+ ng(/i)Ln—l,rH-l(r’ /1) ]dA:O’
0<r<a r<b,

3 Aie1
gl N /i[Vfi(/i)LnJan—l(rs A)

+(2— V)gz‘(ﬂ) Ln+1,n+x (7, A)]d/{:0y
0<r<a, r>0b, (12)

_fi(/i)]n—l (/15)

where [, (7, A) ts the Weber-Schafheitlin inte-
gral defined as L, ,(», A) Zj;m]n(rs)]m (As) ds-

With the help of the integral representation of the
Weber-Schafheitlin integral 1, (7, A), it can be
shown that (12) leads to the Abel’s integral Eq.
(B7), which appeared in Appendix B. S olving the
Abel’s integral Eq. (B7), we get the following
mixed Volterra-Fredholm integral equations (See
Appendix B for details):

52"-2[(u~2)F1(s) HGi(s) + (v—2)
/sa—%Fx(l‘)dt—V(2n—1)js‘aitG1(z‘)dt}

+ [(Puts B0 + Puts, £) Ga(t) )t
=Hi(s), 0<s<aq,
SR (s) + (b—2) Gi (s)]—%ﬁ

_/O’sfznizFl(t) dl‘*’_/;w{st(S’ 1) F3(t)
+P24(Ss t)GB(t)}df:Hz(S), O<S<d,

sT (v —2) F3(s) + vGs(s) ] —
= ((t) @
D+ [(Pus DR
+ Par (s, ) Gi(¢) }dt

:Hs(S),

2vns

b<s< o,

3‘2"*2[)/F3(S) +(y—2) GB(S)_W

fbstFa(t)dt— Ds_gzl:sth(t)dt}

+ [ (Pus, DF(D) + Puls, 0 Gul0) )t
=Hi(s), b<s<oo, (13a)
where F;(s) and G;(s) (=1, 3) respectively are
defined by
¢ H(AdA
s AN/ AR g2’
“ gl(ﬁ)d/i
OV =

F(o)= " {/fa—y,

Gs(s )_/M_

Fi(s) =s?

Gi(s)=s?

(13b)

The kernels P;;(s, #) and H,(s) are presented in
Appendix B. Regarding (13b) as the Abel’s inte-
gral equation for £,(}) and g(A) (i=1, 3), (A

and g,(A) (;=1, 3) are written in terms of F.(s)
and Gi(s) as
2 .,.d [*“Fi(s)ds
fl(A) 71,/1 d/i \/—/12
_ 2..d [*Gi(s)ds
aW=— 2w [

—23-nd (*sF(s)ds
foty=2prdf RUS,
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&) =L nd SG;Z(S)(I]\S (14)
Once Fi(s), Gi(s), Fi(s) and G;(s) are ob-

tained from (13a), the displacements and stresses
can be calculated.

4. Numerical Result and Discussion

4.1 Radial shear

Consider an annular crack subjected to radial
shear z,,=gq,(#). In this case, (8a) and (8b) are
reduced to the following equation:

'/(:mSDn(S)jl(VS)dS:IEUCZO(V),
a<y<h, (15)
fo,,(s)mrs)ds:o, 0<r<a, r>b,

En(s)= (16)

The equation above is similar to that for the
torsional problem investigated by Danyluk and
Singh(1986). Following Danyluk and Singh
(1986), it is obtained that

S t+s
Fis) + A { (s ._tZ) 2~t—zlogt }
0<s<a,
2 2 (e s 1 s+1
F3(S)+?_/’ {7:72”+2,1°g—7-}
Fl(t)dt:“' /f/?:(%)?
s>b, (17a)
where
oy =2 (L) dt
Fi(s)=s* A '—‘/f‘ﬁ‘
2= [ ) dt
R Sy
" JF 0<r<a,
ﬁ\sms)/l(ys)dsm{f(” A
(17b)

The expression for the stress intensity factor at
the inner edge and outer edge of the crack defined
as

Kf= Iim\/27r(a~ )t (r, 6, 0),

(18)
is reduced to
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Fig. 2 Stress intensity factor K, at the inner (super-
script a) and outer (superscript b) for annular
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Fig. 3 Stress intensity factor %, at the inner (super-
script a) and outer (superscript b) for annular

crack under g, = — Z'r%’
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s 4 Fy(bY) 19
Ker=1— bynb * (19

For the cases of ¢4(#»)=— 1 (uniform radial
shear) and go(7)=— rl—g (linearly varying radial

shear) respectively, numerical computation for
the stress intensity factor are carried out. (The
details will be described later.) In Fig. 2 and Fig.
3, the stress intensity factor K, at the inner edge
(superscript ¢) and outer edge (superscript p) of
the crack for the case of go(#)=— 1 and go(7)=

_ Tlib/’ respectively, is plotted as a function of 4/
b. The numerical result for the case of go(7)=
— n—g is in agreement with that for the torsional

problem investigated by Choi and Shield(1982).

4.2 Shear load

Constder an annular crack subjected to a uni-
form shear z,,= — . In this case, g,=— 10, =1,
and g, and b, for n+1 are all zero, since the
boundary conditions are given by g.(», §)=—1
cos@ and g(r, 8)=rwsing, Substituting x=1,
fo=—r1o and g=( into (13a), (13b), (B10) and
(B11), we have the triple integral equation (1),
which appeared in Appendix C where the kernels
Pi(s, t) and H,(s) are given explicitly as a func-
tion of s and ¢ (or s).

The stress intensity factor K, at the inner and
outer edge of the crack is already defined by (18)
and Kj; is given by the following form:

Kfz}igl_ﬂn(d-f) (7, 6, 0),
K3b:1£rg 27[(7’—b Tze(Va g, 0) (20)

It can be shown that z,,(», 8, 0) and (7. 6,
() are given by

(7, 8, 0)={g{»)+ f:(¥)}cos 8,

(v, 8, 0)={g{r)—f:(r)}sind, (21)
where ;=1 for 0<r<q and ;=3 for »>p.
Using integration by parts, it is found from (13b)
with =1, (18) (20) and (21) that

K#=cos 0kf, Kf=cos0ks,

Kf=—sinbk{, K= —sin6ks, (22)

where

a__2 - -
kz—\/”—a[Gl(d )+Fl(d )],

ké’:TZ——[Fx (@) —Gila)],

na

b__ 2 + +
ks —TEE[Ga(b )+ F3(b7)],

__2 +y_ +
k3_J7?B[F3(b ) —Gs(bM) ], (23)

In the limiting case as ¢ — (), the integral Eq.
(C1) is reduced to a pair of Volterra equation,
and the solution is given as (See Appendix D)

Fa(s)zro<s~¢sz—b2 )
—_v wb®
Ga(s)~2ﬂ/ s (24)
Using (22) ~(24), it is obtained that

Kz"=~24_%, / %cos a,

Kab:%”% %sinﬁ, (25)

which correspond to the stress intensity factors for
a penny-shaped crack with radius $ under uni-
form shear (See Kassir and Sih, 1975).

A numerical solution of (C1)~((C4), which
appeared in Appendix C, may be obtained by
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Fig. 4 Stress intensity factor 4, at the inner (super-
script a) and outer (superscript b) for annular
crack under r,,=—17
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Fig. 5 Stress intensity factor k; at the inner (super-

script a) and outer (superscript b) for annular
crack under ry=—r1n

using some appropriate methods to evaluate the
integral on the left hand side of (C1). Since the
terms with varying integration range appear on
the left hand sides of (1), the integrals are
approximately evaluated by means of the Simp-
son quadrature rule. For the convenience of the
numerical calculation, we introduce new variable
y defined by s=gay for Fi(s) and Gi(s) and s
=p/n for Fi(s) and Gs(s). The mixed Volterra-
Fredholm integral equation (1) is reduced to
the system of linear algebraic equations in F
(ans), Gilans), Fi(b/n:) and Gs(b/7s) for select-
ed values of z,, which are solved numerically. In
Fig. 4 and Fig. 5, the numerical results of the
stress intensity factors 4, at the inner and outer
points (denoted by k¢ and kf respectively) and
ks (denoted by k§ and k¢ respectively) are
shown as a function of a/b with various Poisson’
s ratio p. In the limiting case as g — 0, the result
at the outer points is well compared with the case
of the penny shaped crack, and k¢ and k¢ ap-
proach infinity. The values k, and k, for the small
¢ at the point of the inner edge are greater than at
the corresponding point of the outer edge.

Now we consider and annular crack subjected
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Fig. 6 Stress intensity factor k, at the inner (super-
seript a) and outer (superscript b) for annular

crack under r,,=— Tr%
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Fig. 7 Stress intensity factor k, at the inner (super-

script a) and outer (superscript b) for annular

crack under r,,=— rrg-

to shear traction (linearly varying shear) r,,=
— 7. The solution procedure is similar to the
case of uniform shear. The integral equation, the
kernels P (s, ¢t) and H,(s) for this problem are
presented in Appendix C. In Fig. 6 and Fig. 7,
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the numerical result of the stress intensity factor is
shown as a function of a/b with various Poisson’
s ratio p. In the limiting case as a— 0, the
numerical result for £f and k¢ is in agreement
with that for the penny-shaped crack (under
linearly varying sherar) found in Kassir and
Sih(1975).

5. Conclusion

An annular crack in an infinite isotropic elastic
solid under shear loading is analyzed. In terms of
mathematical difficulty, this work essentially re-
quires determination of two harmonic functions
in contrast to the determination of a single har-
monic function in the previous works with the
same geometry but under tensile or torsional
loading. The solution method proposed here is
amenable to easy numerical computation and the
results under various shear loadings are present-
ed. In particular, this work contains the result of
some of the previous works as a limiting case.
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Appendix A. General Solution of the
Navier’s Equilibrium Equation

We employ the method described in Kim and
Kim(1985) for the Stokes flow to obtain a general
solution of the Navier’s equilibrium equation in
terms of three harmonic functions. Introducing
the Cartesian coordinate, (1) is written as

(AD)
(A2)

ui,jj+1‘jz';e,i:0,
€= Uj,j
where the comma(,) denotes the partial derivative
with respect to the Cartesian coordinate and
subscripts 7, j=1, 2, 3. Noting that the dilatation
¢ is harmonic, we may write ¢ in the form
2ue=—(2—4v) ¢s
where ¢ is a harmonic function. From (A1) with
/=3 and (A3), we get

(A3)

(A4)

We may write a general solution of (A4) in the
form

2puus,;=2 ¢,33.
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2pus=xsps— AP+ X (AS5)
where y is a harmonic function. Put

2ui=x30,+ xa+ ¥, (A6)

2pur=x3¢ 2+ x2t ¥ (A7)

We determine ¢ and the general forms of ¢ and
¥, so as to satisfy (Al) and (A2). Substituting
(A3) and (A5)~(A7) into (A2), we have
V=0, U=-0, (A8)
and ¢=3-4y. Substituting (A3), (A6) and (A7)
together with (A8) into (Al) for ;j=1,
Wszz - llfjj1=0,
The equation above shows that ¥,
of x; only, which may be taken as 0 since only ¥,
and ¥, contribute to y, and .. Consequently ¥

is a harmonic function. In summary, a general
solution of the Navier’s equilibrium equation is

2 yields
(A9)

is a function

expressed as

2u=x3¢1+ x1+ ¥s,

2ue=x3¢2+ x2— ¥,

2/1243:963¢.3_(3"4!/)¢+X,3‘ (A10)
where ¢, ¥ *nd ¥ are harmonic functions. For
the cylindrical coordinate, (A10) is rewritten as

(2).

Appendix B. Solution of a Pair of Triple
Integral Equations

A method of solution for a pair of the triple
integral Eqs. (8a) and (8b) involving the Bessel
functions is presented. A pair of the integral Eqs.
(8a) and (8b) lead to the mixed Volterra-
Fredholm integral equations. Using the second
equation in (9), the Weber-Schafheitlin ingegral
Lapsrai(#, A) is written as

Ln+1,n~1(7/a A)z‘gﬁ/l‘Mrul,n( v, /i)
_Ln+1,n+1(7s A),

2” A= Looina(r, 2, (BD)

where

Mn.m‘:lmjlgv]n(rs) JulAs)ds.,

Mun-1(r, A) is expressed in terms of the hyper-
geometric function (Watson, 1944) as

Mn,n‘l( I /1):

AN (n—1/2)

L o F 12, 172,

A/ ¥?), 0<A< 7,

7T n=1/2) o

ST (nr 1) F (=12, 172,

n+1r4 A%, 0< r <A,
(B2)

where =1, 2, 3, .-+, ['(x) is the gamma function
and F(a, b, ¢; z) is the hypergeometric function
defined as

R A0
I'a)lc—a)

ffa-l(l—f)f—aﬂlv- 1)l

F(a, b, ¢; 2)=

(B3)

Using (B1)~(B3) and the expression of [, ,(,
A) presented in Cooke(1963), the Weber-Scha-
fheitlin imegral is written in the form:

=, o min(r,A) L
Ln,n(r, /1)“ A f fr——w- Qz /}ZT
=£r”/i"f ds
T max(r,A) 2”\/5 7 \/52-—/{2’
min(r,4)
Luinalr, /1)~—' LY 1/0.
(2n D= 208" an

S
2 ~ - o
:_7,71 1/1)1 1
T max{r,i)

(271—1)32—27,“,2‘48_
Jst— 2 st s
L ( A)—l —"'1/14;«-1’/”‘""("“
n+hn—1\?> = 7[7- |
2nr’=— Q2n+1)s®
Jri—st A —s? s¥ds

2 ~ o
:_7,714—1/1)1 1
T max{r,i)

2nst— Q2u+1) 12 ds
NSy (B4)

For the functions G.(s) and G(s) (;=1, 3)
defined in (13b), it can be shown that

A Fi(o
ety y —F) + [Fla,
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¢ aDdi 2Gau(e)
A An_zm_Gl(S)+£ Tdt‘

As%%dﬂ:szﬁ(s) -~ [(rwar,

f&rﬁ_ﬂf)w:f@(s) - [t ar,
fr j/n;i,ﬁfé) dé:/’[sznﬂ(s)

+5f e 2F(t)dt]\/;d%s—zv

o[ BOd R

S
s [ | E ms)

Using (B4), (B5) and the relations

'/O-adAA-mimr-A)ds:’/o"ds'/;ad,{, 0<r<a,
/ba’,{/‘mmm”dsz./‘rds'/’sd’i 0<r<a,
[, om0 rsec
/
/.

f’"(”)ds:f ds [“ar, r>b,

/ax(r/l) / dq/ i, r>b,

f;d/i’/:mx(r‘“ds:fr a’s'/; di, r>b,
(B6)

we obtain from (12) the following Abel’s integral
equations:

[s“-{(u—mﬂ(s) UG (s) + (—2)
[‘rlﬂmdt—wzn—l)frlclu)dt

+ (=2 2A0 —v(@n-D 2

B di__ 1 ds
2ns?) &(A)} FUNscpupel s i

:—72"-% [(v—2) PF(£)
- u(2n—1)7t263(t)+2unrst(t)]
dt 0<r<a,

4/0-7[52’1{VF1(5) +(v—2)Gi(s)}—2vns

[tz”‘ZFl(t)dt+s2”+2£{ufzu)

+ (u-Z)gz(ﬂ)}#ﬁ_?‘stlst“
> £(A)dA a5 [
{ A /{n\//iz_ Z}di}\/TQ‘SZ - r .L.

t
{u—F%g(f) %u ulF3(u) du

+(1/—2)%)— ;ZTE uGs(u)a’u]

dt
W’ 0<r<aq,

/r‘m[s’“”{ (v—=2) F3(s) +vGs(s) } —2ums
fswr-Z"Gg(t) dt+s‘2’”2/ab{ (v—=2) /o (A)

+»gzu>}%—2msff'“{f

gz(A) _] ds — . -2n+2 N
V=2 }dtJ\/s—r d —/‘"

{(U~Z)F1(t)+)/G1(t)+(u—2)/au*‘

Filu)du—2n—1) v[au‘lGl(u) duJ
122t

/rws‘z”‘Z[x/SZFg(s) +(v—2)s*Ga(s)

r>b,

—@n+1) uftau)dt— (v—2)

f;@(r)dt+f{—2msu"fzu)
+ Cr+1D A" H(A) + (v—2) A" g (1)}

dA ds o2 [°
\/52_/12}\/52_7,2 =-r ./o‘

[—2ums 2t 2F (t) + 2n+1) vt Fi(¢)

(=2 17Gut) =

i 2

r>b, (B7)

Solving the Abel’s integral Eq. (B7) with the
relation

/:ot‘z"’z Va1 (s, t){/btqu(u)a’u}a’t

:f Ver (s, £) tF3(0) dt,

[ U, t){fu-lFl(u)du}dt

:[Ums, DR dt, (B8)
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where

7.—2n+1d7,

_d (= Ay
U (s, )= ds./ \/—7’-—_-5—\/'—_—7‘

. 2H+ld’,
(s, 1) = ds f

/2= 2 12— 2

U (s, t)“—‘ﬁ u? Un(s, u)du,

7. (s, t>=[°u~2"v,,<s, W) du,  (BY)

we finally obtain (13a), Here the kernels P;(s, t)

are given as

Pi(s, 1)
-2 —n+l, s 2n—1d5
~~?(V“‘2)t 2 st_/(: Ny
PM(S, f)
_2v d[ 2n— 1/ &r-lde
Trodsl T - /P- &
/- &2ﬂ+ld i\

N e

Pai(s, t)

S I e =

(Zn;kl)z‘ d/’/‘

52n+3 —~2n— zdé-du :‘
\[52_5-2\/’17_52 ’
P24(S, f)

1 EZrH%dE

=20-25 =
T st ds JE-E V-8
. t 52n+3u—2n-2d5du

7 ds / [ [Sz_ézJuz_Sz J’

Pul(s, 1)

2|l _gttde
Ve s JE—s vfz—t
1 —ql— t [0 E—2n+3uzrz Zdédu
ds./o‘j; ‘/52_32‘/52,.“2 }'
Pis(s, 1)
:l_yl:_tzn . d d —2n+3d
27’1 1 d E—2n+3 2n— zdfdu
¢ ff 52~sz«/?—uz]
Pu(S, f)
_2 n2 d
= ”usztz P

/”[Zné”z”*l 2n+1)tzés 2n- ‘l
s JE T E

Puls, 1)
2y e [T _EdE
T dslts Jer—s? /e8¢
(B10)

and the functions H,(s) (;=1, ---, 4) are given as

b
Hi(s) =" 2f[(2—u)52fz(5)+u

2 g
2ns }gz(f)] E” /gz—

Hy(s) :s%fb[—m(g) — (=2 (8]
21/% (&) d.
f fgni—’f—sz dt,

{2n—1)&*—

E”Jéz
HS(S)_S 2n+2'/‘a

{ —)/)E"fz(f)—l/f & 5)}
Jsi— &
+2unsfs t'z"f §_gz_(§?§dt

Hi(s) =52 j H2uns?€" — (2n+ 1E™ (&)

- :n+2 dé -

Appendix C. Shear Load

(B11)

The integral equations for the problem of the

annular crack under shear traction .= —z(7)

are written as
(v=2) Fi(s) +vGi(s) + (v—2)
[ARwa-v [ cwar
+ [T(Puls, D0+ Buls. 0 Ga() et

=M (s), 0<s<a,
VE(s) + (v—2) Gx(s)]—%J(sFm)dt

+ [T(Pats DR + Puls, ) Gatt))
:HZ(s)v O‘<S<a,
(v—=2) F3(s) + vGs(s) —21/3/\‘;&—637(#411‘

+ [(Pu(s DF(0) + Pals. D Gi(D)at

=Hs(s), s>b,
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vEF3(8) +(v—=2) Gs(s) —>5

[

+f{P41(s, DF(8) + Pals, )Gy (8) ) dt

=H,(s), s>b. (CI)
Here Fi(s) and G,(s) (=1, 3) are defined as
_ ¢ hlA)dA
Fi(s)=s? A Tl,i\/ﬁ
_ * &1(A) dA
R V)
_ [fAfa(A) dA
Fs(s)—’/b‘ m )
- . sﬂga(/i)d/i
(13(3)_ A /sz—_? . (Cz)
The kernels P(s, ) are given as
Pats. =20 -9) L,
42
Pu(s, 1) _ﬁv[t—%l?z‘t‘)ﬁ-%
: o +s]
gl‘ s |’
Pos(s, 1) :ll/[ tzis 2 ——log t+f :',
& —_ _._2 S
Puls, t) = ”(V 2)[1‘(t2—52) 27
I t+s]
g |
Pats, ) =20-2)[ St o
o s+t}
Es—t]
Pi(s, 1) —% [Szitz ~2—1tlog ii; :"
_2 [ 98-7s* | 912—s°
Puls: 1) T [23(52-—7‘)—+ 41s*
s+t
]Ogs t]’
2__ .2
Pats: 0= =)
3t +5? S+fJ
4ts* logs—t ‘
(C3)
The functions H.(s) for the case of Tex= — Ty are

given in the form:

Youn Young Earmme

H1(S):(U—2)Z’o[\/—bz———2“\/m}

2
Hz(s):wo{é7 cos l%—?;cos‘l%

+inz—s —7/a2~5
oz b a’
4 +4 s}
H3(s) =(v—2) [¢s —a*—Jst—b }

H4(s)—vro[ sf—at —% s —bz],

The functions H,(s) for the case of r,,=

are given in the form:

Hl(s)=i(u—2)[wb2—sz—a/a?—sz
+ 2 og{ <b/ﬁ>/
(o).
Ha(s) =45] 6/5— 57 — a/ @~ s*+ s*log

((o+/#=3) /{asfa=)

b . s @ . s
——sIn~ T +-—sin"—|,
S b s a

Hiy(s) = (v—2) [a/sZ—aLbJSZ—bZ

b a
+s%sin~'——s%in" % |,
s s

H4(s>:ﬂ[ (2f2+ Lo\

(C3)

Appendix D. Solution of Uniform Shear
for the Case of ¢ — ()

In the limiting case as ¢ — 0, (C1) is reduced to
the following Volterra equation:

(v—=2) F3(5) + vGs(s) —2us :—Gat(z—t)dt

IHQ(S);
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s £ (5) + Gy (s) =0. D
VEs(s) + (=2 Gs(s) =25 [t () ar $G2(s) + Gels) =0 (D3)
) § 70 Solving (D3), we get
—_ v ° = y D] I
s? ./; 1Gs(t) dt = Ha(s), (D1) Fi(s)=as— n/s*— b7,
where Gals) =L, (D4)
H;(s)=(v—2) To[S*v s*—b? :], where ¢ and 4 are constant. Using (D4) and (D1)
2 with s=p, it can be shown that
Hi(s) ==y /57— 7. (D2) ’
a= o,
From (D1) and (D2), it is obtained that ’ )
8= 57 Tob%, (D5)

, b?
Fy (s) — Fy(s) = ——22—
VA Form (D4) and (DS), (25) is obtained.



